Taylor series Cheat Sheet

Taylor series are used to approximate functions. Approximating a more complicated function by an infinite sum of
polynomials means it can be solved numerically. This means that Taylor series have lots of applications in physics and
engineering. Taylor series also allows integrals of functions with no antiderivative to be approximated, but in this topic we
will focus on using Taylor series to find approximate solutions to differential equations that can’t be solved easily by other
methods.

Taylor series

In the second book for Core Pure, Maclaurin series were introduced. As a recap, Maclaurin series allow a function of x that
is infinitely differentiable, with the derivatives defined for all n € N, to be written as an infinite series in ascending powers
of x, and focuses on x = 0. Clearly, this is not ideal, as not all functions have derivatives that are defined for all natural
numbers, such as In x. To overcome this, we derive a series expansion that focuses on x = a instead, which we call Taylor
series and is a more general form of the Maclaurin series which is given in two different forms:
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These expansions are known as Taylor series of f(x) at the point x = a. The Taylor series expansion is only valid if f ™ (a)
exists and is finite for all n € N, and for values of x for which the infinite series converges. The Taylor series expansion is
not given in the formula booklet- it is essential that you learn them both!

Example 1: Find the Taylor series of sin x about the point x = g up to and including the term x3.

Use the first expansion given: If £(x) = sinx, then sin (x + g) =flx+ g)
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Finding limits
Previously, you have considered limits of a function as x approaches 0 or o by looking at how different parts of the
functions behave. It is also possible to evaluate limits of a function as x approaches a certain value a, which is denoted
lim f(x) = L, where L is the numerical value of the limit. Limits can be found in many different ways, with the simplest
x—=a
way being to separate the limit into other limits that you already know, and follow properties that are sometimes
referred to as the algebra of limits:
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Example 2:

We can begin by trying to use the rule ‘if M # 0, then
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Clearly, we can’t always just substitute the value that x tends to into the limit and evaluate- consider the limit lirr&%.
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Like the limit in example 2, it is indeterminate as by substituting in x = 0 we get %. To evaluate this type of limit we need
a more precise method- we can use the Taylor series at x = 0 (otherwise known as the Maclaurin series) to do this:

Example 3: Using Taylor series, evaluate the limit lingﬂ%
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Find the Taylor series for sin x about x = 0 (this is also x3 x5 x7
the Maclaurin series) sinx =x—or+ o 51 71
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This method can also be used to evaluate more complex limits
Example 4: Evaluate the limit llm ln(1+x )
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Series solutions of differential equations
Taylor series can be used to approximate solutions of differential equations that can’t be solved using other techniques.
These approximate solutions are in the form of series, and are hence called series solutions.

. The series solution to the differential equation % = f(x,y) is found using the Taylor series expansion in the

form:
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. When x, = 0, this reduces to the Maclaurin series
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As we have the first order differential of the form —y = f(x,y) with initial conditions, we can caIcuIate —y |X0 by

substituting these initial conditions in. If we dlfferentlate the original equation, we can obtam —, and thus find

the value at the initial conditions by substituting them in. Repeated differentiation and substltutlon allows us to
find higher derivatives.

Example 5: Use the Taylor series method to find a series solution, in ascending powers of (x — 1) up to and including
(x—1)? on—Z = e + x3, given that whenx = 1,y = 2.

Substitute the given conditions into the original The given conditions are x, = 1,y, = 2, so
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Second, and higher order differential equations can be solved in the same manner as you will be given extra initial
conditions:

Examgle 5: Use the Taylor series method to find a series solution, in ascending powers of x up to and including the term

x3 of = y2 — cos 2x, with initial conditions x = 0,y = 2 and &_q

Subst|tute the initial conditions into the original

The given conditionsarex =0,y = 2 andi—y =1,s0
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Substitute into the Maclaurin expansion 3 ,,4 .
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Example 6 (Mixed Exercise): Write down the Taylor expansion of sin 3x and cos 3x about the point % up to and including
powers of x*.
Hence, or otherwise, write the Taylor expansion of tan 3x about the point% up to and including powers of x*.

Use the expansion If f(x) = sin3x, then the point of expansion a = %
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Find the first, second, third and fourth derivatives at a T V2
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We can use the formula tan x = —— tan 3x = =X
cos 3x
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